Let p1 = 2, p2 = 3, p3 = 5, . . . , pn, . . . be the ordered sequence of consecutive prime numbers in ascending order. Let 7, 11, 13, 17, 19, 23, 29}, the set of integers which are both less than and relatively prime to 30. For
Introduction
An integer p ≥ 2 is called a prime if its only positive divisors are 1 and p. The prime numbers form a sequence: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 37 , 41, 43, . . . .
Euclid (300 B.C.) considered prime numbers and proved that there are infinitely many.
In 1849, Alphonse de Polignac [8] conjectured that for every even number k, there are infinitely many pairs of prime numbers p and p ′ such that p ′ − p = k.
The case k = 2 is the well known twin prime conjecture, which is considered in [7] . The conjecture has not yet been proven or disproven for a given value of k. In 2013 an important breakthrough was made by Yitang Zhang who proved the conjecture for some value of k < 70 000 000 [11] . Later that same year, James Maynard announced a related breakthrough which proved the conjecture for some k < 600 [2] .
In this paper we prove cases of Polignac's conjecture which are implied by the following result. Our arguments are an extension or generalization of the arguments developed in [7] . Let S = {1, 7, 11, 13, 17, 19, 23, 29}, the set of integers which are both less than and relatively prime to 30. For x ≥ 0,
For each x, T x contains at most seven primes. Let [ ] denote the floor or greatest integer function. For s ≥ 30 let π 7 (s) denote the number of integers x, 0 ≤ x ≤ [ s 30 ] for which T x contains seven primes. For example if x = 0, 1, 2, 49, 62, 79, 89, 188, then T x contains seven primes.
In this paper we prove the following theorem which is also our main result: Theorem 1.1 Let p 1 = 2, p 2 = 3, p 3 = 5, p 4 = 7, p 5 = 11, . . . , p n , . . . be the ordered sequence of consecutive prime numbers in ascending order. Then for all integers n sufficiently large:
Since p 2 n+4 30(n+1) is unbounded, the theorem therefore shows that there are infinitely many values of x for which T x contains seven primes. The elements of S differ by 2, 4, 6, 8, 10, 12, 16, 18, 22 , 28 so we see that Theorem 1.1 implies several cases of Alphonse de Polignac's conjecture.
Our work is organized as follows: In Section 2 we recall the definition of the well known sieve of Eratosthenes and record some preliminary results. In Section 3 we recall a preliminary result on permutations of finite ordered sequences that we shall require in our proof of Theorem 1.1. In Section 4 we prove Theorem 1.1.
The concepts required are elementary and can be obtained from introductory texts on number theory, discrete mathematics and set theory. Some reference texts are listed in the bibliography [1, 3, 4, 9] .
Preliminary Results
Eratosthenes (276−194 B.C.) was a Greek mathematician whose work in number theory remains significant. Consider the following lemma: Lemma 2.1 Let a > 1 be an integer. If a is not divisible by a prime number p ≤ √ a, then a is a prime.
Eratosthenes used the above lemma as a basis of a technique called "Sieve of
Eratosthenes" for finding all the prime numbers less than a given integer x. The algorithm calls for writing down the integers from 2 to x in their natural order.
The composite numbers in the sequence are then sifted out by crossing off from 2, every second number (all multiples of two) in the list, from the next remaining number, 3, every third number, and so on for all the remaining prime numbers less than or equal to √ x. The integers that are left on the list are primes. We shall refer to the set of integers left as the residue of the sieve. Thus the order of the residue set is therefore equal to π(x). to be the number of integers
for all i ∈ S. We obtain a formula for evaluating φ 3 for certain values of m.
Let 2, 3, 5, p t , . . . , p n be first n consecutive primes in ascending order. If p is a prime then φ 3 (p) is easy to evaluate. For example φ 3 (7) = 0 since for all x, the set {30x + i | i ∈ S} contains an integer divisible by 7. On the other hand if p = 7, then φ 3 (p) = 0. It is easy to check that φ 3 (p) = p if p = 2, 3 or 5. Further φ 3 (11) = 11 − 6 and φ 3 (p) = p − 8 if p ≥ 13. We note also that φ 3 (1) = 1.
We now proceed to show that we can evaluate φ 3 (m) from the prime factorization of m. Our arguments are based on those used by Burton in [3] , to show that the Euler phi-function is multiplicative. We first note:
2 Let k and s be nonnegative numbers and let p ≥ 13 be a prime number. Then:
Proof. We shall only consider the cases (iii) and (iv) as (i) and (ii) are easy to verify.
(iii) and (iv). Clearly, for each i ∈ S, gcd(30x + i, p) = 1 if and only if p does not divide 30x + i. Further for each i ∈ S, there exists one integer x between 0 and p−1 that satisfies the congruence relation 30x+i ≡ 0 (mod p). We note however that if p = 11, then in S, we have 23 ≡ 1 (mod 11) and 29 ≡ 7 (mod 11). Hence for all x for which 30x+1 ≡ 0 (mod 11) we also have 30x+23 ≡ 0 (mod 11) and
for all x for which 30x + 7 ≡ 0 (mod 11) we also have 30x + 29 ≡ 0 (mod 11).
No such case arises when p ≥ 13.
Returning to our discussion, it follows that for each i ∈ S there are p k−1 integers between 1 and p k that satisfy 30x + i ≡ 0 (mod p). Thus for each i ∈ S, the set
For example φ 3 (6.11 2 ) = 11 2 − 6.11 = 55 and φ 3 (13 2 ) = 13 2 − 8.13 = 65.
In [5] it is shown that φ 3 is multiplicative and that we have the following theorem. We have seen that if p = 7 then for all x, the set {30x + i | i ∈ S} contains an integer divisible by 7. We note further that if p = 7, then in S, we have 29 ≡ 1 (mod 7) and hence for all x for which 30x + 1 ≡ 0 (mod 7) we also have 30x + 29 ≡ 0 (mod 7). Thus there exists one integer x between 0 and 6 that simultaneously satisfies the congruence relations 30x + 1 ≡ 0 (mod 7) and 30x + 29 ≡ 0 (mod 7). A procedure for obtaining seven prime subsets must therefore consider the fact that T x may contain two distinct integers divisible by 7. Taking this into consideration we obtain the following modification of φ 3 . 
], T x contains seven primes}, then we see that |T 7 (p 2 n+1 )| ≤ π 7 p 2 n+1 . We note that by writing
we have, upon expanding:
We can consider S 7 (m, n) as defining a sieve on the set of integers 0, 1, 2, 3, 4, . . . , m which when p j = 7 strikes out x whenever T x has two integers divisible by 7 and for each p j , 5 ≤ j ≤ n, strikes out x whenever T x contains an integer divisible by p j . Since the primes p j are unevenly distributed they strike out the values x in an unevenly distributed manner. However this is achieved in a cyclic pattern in the sense that for j < n, p j strikes out the same number of values of x, with the same irregularity, in each interval s.7.11. which, for all a i , a j ∈ A, i < j whenever a i < a j and for all a r , a s ∈ B, r < s whenever a r < a s . In [6] we show that:
The above equation can be seen as a sieve that strikes out m+n m+1 duplicate elements in a set that would otherwise have m+n m elements. Note that m+n m+1 is the sum total of the entries on the diagonal containing the entry m+n m in Pascal's triangle. Thus given any two positive integers m, n with m ≥ n we write the integers from 1 to m+n m in their natural order. Since we shall be taking ratios, we may assume that m+n−1 m numbers in the sequence are then sifted out by being crossed out in an evenly distributed fashion (with the last interval being uneven with the others if necessary). From the remaining integers, m+n−2 m numbers in the sequence are crossed out in an evenly distributed fashion and so on for each of the integers j, 3 ≤ j ≤ n. In any case the m+n m 1 − n m+1 elements of the residue set are assumed to be evenly distributed over the interval 1 to m+n m . Thus any two consecutive elements in the residue of the sieve may be assumed to differ by an interval of m+1 m−n+1 . The above sieve is compared to the sieve of Equation (2) and thereby generates our main result.
Proof of Theorems 1.1
In Equation (3) if we put m = n, then the order of the residue set
Now let x = 30k be a positive rational number and suppose that p 4 = 7, p 5 = 11, . . . , p n+3 are consecutive primes such that S 7 (k, n + 3) = 1 n + 1 2n n .
Our aim is to align the above expression with
2n − i n = 1 n + 1 2n n and make a comparison between k and 2n n . Then assuming, in Equation (5), that p j divide k for all j we would have
If n ≥ 120 000 000, then:
or, equivalently,
In general we have the following result which compares the distribution of the elements of the residue of the sieve of Equation (4) to the average distribution of the elements of the residue of the sieve S 7 (k, n + 3). we may obtain the next product inductively by multiplying the given product by (n+1) 
The distribution of the residue in Equation (9) is n + 1 which, when n ≥ 120 000 000, is greater than 7 
For n ≥ 120 000 000 let k n+4 =
n is a lower bound for the order of the residue set of the sieve of Equation (10) consisting of integers less than k n+4 .
With k = 7.11. 1 n+1 2n n n+3 j=6 p j let T 7 (p 2 n+4 ) denote the residue of the sieve S 7 (k, n + 3), of Equation (8), consisting of sets of integers T x with x less than k n+4 . We claim that if n is sufficiently large, then: This completes the proof of Theorem 1.1.
